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Exercise 1 (easy)In this exercise we calculate the homology of spheres of positive dimension
Hk(S

n
) =

⎧⎪⎪
⎨
⎪⎪⎩

Z if k ∈ {0, n}

0 otherwise.
(i) Show that there are open contractible sets U,V ⊂ Sn such that

• Sn = U ∪ V , and
• U ∩ V ∼h Sn−1 are homotopy equivalent.

(ii) Use the Meyer-Vietoris exact sequence of Exercise 2 to inductively calculate the homology of Sn.

Exercise 2 (medium)In this exercise we provide an alternative and frequently useful way to apply excision in homology.
(i) (Algebraic Meyer-Vietoris sequence) Consider a commutative diagram ofR-moudles whose rows areexact such that the maps (ϕn)n are isomorphisms:

. . . // Cn+1

ϕn+1

��

∂Cn+1 // C ′′

n

ϕ′′n
��

in // C ′

n

ϕ′n
��

pn // Cn

ϕn

��

∂Cn // C ′′

n−1

ϕ′′n−1
��

// . . .

. . . // Dn+1
∂Dn+1 // D′′

n

jn // D′

n

qn // Dn
∂Dn // D′′

n−1
// . . .

Show that there is an exact sequence
. . . // C ′′

n

(in,ϕ′′n)// C ′

n ⊕D
′′

n

ϕn−jn // D′

n
δn // C ′′

n−1
// . . .

where δn = ∂n ○ ϕ−1n ○ qn ∶D
′

n → C ′′

n−1.
(ii) (Topological Meyer-Vietoris sequence) Let (Hn)n∈N be a homology theory and let X = U○ ∪ V ○ bea cover a topological space X by the interior of two subsets U,V ⊂ X . Use excision to apply thealgebraic Meyer-Vietoris sequence to the diagram of long exact sequences induced by the inclusion

(U,U ∩ V ) ↪ (X,V )

. . . // Hn+1(U,U ∩ V ) //

��

Hn(U ∩ V ) //

��

Hn(U) //

��

Hn(U,U ∩ V ) //

��

. . .

. . . // Hn+1(X,V ) // Hn(V ) // Hn(X) // Hn(X,V ) // . . .

to obtain an exact sequence
. . . // Hn(U ∩ V ) // Hn(U) ⊕Hn(V ) // Hn(X) // Hn−1(U ∩ V ) // . . .



Exercise 3 (difficult)In this exerciseweprovide away to calculate relative homology. We say that a pair (X,A)has the homotopyextension property (hep), if whenever ϕt ∶ A → Z, t ∈ [0,1] is a homotopy of continuous maps and
ψ0 ∶X → Z is an extension of ϕ0, then there is some homotopy of continuous maps ψt ∶X → Z extending
(ϕt)t∈[0,1]. We will see examples of pairs with the homotopy extension property later.
Let (X,A) be a pair of topological spaces with the hep. Show that

H∗(X,A) ≅ H∗(X/A,{A}) ≅ H̃∗(X/A)

induced by the quotient map (X,A) → (X/A,{A}) and the identification H̃∗(X) ≅ H∗(X,{pt}).
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